The paper concerns the eigenanalysis of acoustic cavities with the use of radial basis functions (RBF). The Kansa collocation method was used for determination of the natural frequencies and eigenvectors of 1D, 2D and 3D acoustic elds. Due to validation analysis of the proposed method, in simple examples like 1D, 2D rectangle and 3D rectangular parallelepiped all calculated eigenferquency and eigenvectors were compared with exact (analytical) results. All results indicate that using of multiquadric radial basis functions provide a results with very high accuracy in comparison to analytical results. In the paper a new method for determining the shape parameter of the multiquadric radial basis functions is described.
Introduction
A acoustic characterization of complex cavities is of primary importance in many engineering applications. Meshless methods may be categorized into two groups:
domain type methods such as element-free Galerkin method [1] , reproducing Kernel particle [2] , the point interpolation method [35] ; and boundary type methods such as the boundary node method [6] , and the boundary point interpolation method [7, 8] . In these two types of meshless methods the problem domain or only boundary of the domain is discretized by scattered points. In In 1990 Kansa [9] introduced the RBFs collocation method for solving elliptical, hyperbolic and parabolic PDEs. Over the years, this method was extended to solve various ordinary and PDEs including the biphasic and triphasic mixture models for tissue engineering problems [10, 11] , 1D nonlinear Burgers' equation [12] , shallow water equation for tide and current simulation [13] , heat transfer problems [14] , free boundary problems [15] , Navier-Stokes equations [16] , dierent kinds of Dirichlet [17] and Poisson [18] problems, electromagnetic problems [19] , PDE-constrained optimization problems [20] and many others. RBF method succeed in very general settings by composing a univariate function with the Eu- In Sec. 6, a 3D steady-state acoustic eld is considered.
Finally, in Sec. 7 of the paper summary and conclusions are given.
RBF
The Radial Function is a continuous univariate function that has been realized by composition with the Euclidean norm on R d and can be written as
where r = ||x − x j || is the Euclidean distance between points x and x j . This radial function can be translated 
Other compactly supported RBF have been proposed by Wu [22] and Gneiting [23] . Table II lists some commonly used, globally supported
RBFs.
In this paper we focus on the MQ RBF due its popularity in applications and its good approximation properties.
The MQ function with center at x j may be written in the form:
The MQ (2) is a representative of the group of RBFs that are global, innitely dierentiable and contain the shape parameter c.
In MQ RBF meshless method, the shape of the basis function (2) is controlled by a free parameter c. As c gets larger, the shape becomes at and is insensitive to the dierence in Euclidean (radial) distance. The choice of the shape parameter c is a dicult and so far unresolved problem.
Kansa's method for solving dierential equations
The Kansa's collocation method is one of the meshless (meshfree) methods, which are based on approximation and collocation of global functions. Unlike the FEM, which is based on patching together elements with local, low-degree polynomial interpolants, the global shape function extend their inuence to the entire domain of interest, without division into elements.
Consider the following governing equation:
subject to the boundary condition
where L is a linear dierential operator, B is a boundary operator of order lower than L, Ω is the analyzed domain and Γ is the boundary of the domain.
The general idea of Kansa's method is to approximate the solution of the problem (3) and (4) in such a way that it can be represented as a sum of a series of globally supported RBFs:
where φ j (r) are globally supported RBFs (in this paper only MQ RBFs (2) are used) and α j are constant coecients to be determined by collocation procedure.
The approximate solution (5) must satisfy the governing equation (3) and boundary condition (4). Lets us assume that on a set of N I distinct (collocation) points {x 1 , x 2 , . . . , x N I } ∈ Ω, the approximate solution is required to satisfy the the governing equation (3):
By the same token, for a set of N B points on the boundary {x
Eqs. (6) and (7) constitute linear systems, which can be written in matrix form
The system (8) The extend review of choosing of the optimal shape parameter in given in [25] . In this paper a new method of determining of the shape parameter is proposed.
Once the coecients α j are determined the approximate solution is given by (5), which is dened for all x ∈ Ω. So reconstructed solution in with MQ RBFs, at evaluation point x e can be written as
In all cases analyzed here, constant shape parameter
MQ RBF solution of the acoustic eld
Considering an acoustic cavity (domain Ω) led with a perfect uid and implicit e iωt time dependance, the harmonic wave propagation problem in terms of acoustic pressure amplitude in governed by the Helmholtz equation in form:
where ∇ is the Nabla operator, p is the amplitude of the acoustic pressure, k is the wave number (ω/s), ω is the circular frequency, s is the sound velocity in uid medium and d = 1, 2or3 is domain dimension. The acoustic problem consist in computing eigenvalues (wave number k) in the uid within the enclosure with prescribed boundary conditions.
According to Kansa'a method, Eq. (10) can be written
where r i are coordinates of collocation points i = 1, 2, . . . , N I , and r j are coordinates of RBF centers j = 1, 2, . . . , N
For each i Eq. (11) gives i − th row of collocation matrix A (8) (now the vector f ≡ 0). The last N B rows of this matrix depends on boundary conditions (set of N B points on the boundary).
To obtain the nontrivial solution (α = 0), the determinant of the matrix A must be zero, i.e. det A = 0. From this equation, the natural frequencies of the beam can be calculated.
Choice of the shape parameter
The simplest strategy is perform a series of approximation experiments with varying shape parameter and then pick the best one. It is possible only in case when the solution of the dierential equation in question is known.
Other popular strategies are based on the power function, cross validation, or Contour-Pade algorithm. All of them are described in [24] .
Herein, the authors propose to introduce another strategy, which is based on following algorithm:
1. Establishing a range of shape parameter c with step ∆c, 4. If there is a stable (the same) value of k for various c, choosing any value of c from this stable range,
In Fig. 1a , the variable k as a function of shape parameter c is shown, whereas the rage of shape parameter was chosen as c ∈ 0.01 − 1.2 with step ∆c = 0.01. It is clearly visible from this gure that, for wide range of c from about 0.2 to about 0.9, there is only one (stable) value of k obtained from calculation.
Any value from this rage can be chosen as optimal in RBF analysis. There is no problem with condition number of collocation matrix, because there is clearly visible in Fig. 1 when (for which value of c) Here the elements of matrix A are given by
The last two rows of matrix A depend on boundary con-
Components of the vector α = [α 1 , α 2 , . . . , α N ]
T represent the magnitudes of the j-th RBF function.
To obtain a nontrivial solution (α = 0), the determinant of the matrix A must be zero, i.e. det A = 0. From this equation, the eigenvalues k can be calculated.
Comparison of results
For the purpose of validation of the proposed method, in a simple 1D example all calculated eigenfrequency and eigenvectors are compared with exact (analytical) results.
The following relative errors were used to measure the quality of the numerical solution (superscript 'exact' denotes analytical results, superscript 'RBF' -approximation with RBF).
where ω i is the i-th natural frequency of the 1D acoustic eld, and
where the X i is the normalized i-th mode shape of 
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The values of errors shown in Fig. 2 suggest that the results of the 1D acoustic eld with MQ RBF are more than very similar to analytical results.
Two-dimensional acoustic eld
In case of 2D acoustic eld, the rst N I × N elements (N I is a number of collocation points, N is a number of MQ RBF functions used in approximation) of the approximation matrix A (see Eq. (8)) are given by:
The last N B (number of boundary points) rows of matrix A depend on boundary conditions.
In the above equation ∂ ∂n is the directional derivative of RBF in the direction of the outward pointing normal n to the boundary line Γ:
To obtain a nontrivial solution (α= 0), the determinant of the matrix A must be zero i.e. det A = 0. 
where ω i is the i-th natural frequency,
where X i is the normalized i − th mode shape. In all calculations presented in this section N e = 165 (the number of evaluation points in the analyzed domain) is used.
The values of errors E ωi and E mode i computed for the rst 25 eigenvalues (i = 1, 2, . . . 25) are shown in Fig. 3a and Fig. 3b respectively.
The values of errors shown in Fig. 3 suggest that the results of the acoustic eigenanalysis in 2D domain are very similar to analytical ones. 
Arbitrary 2D domain
As an another example, the shape shown in Fig. 4 was adopted as an arbitrary domain. 
where the ω i is the i-th natural frequency. The values of error E ωi computed for the rst 25 eigenvalues (i = 1, 2, . . . 25) are shown in Fig. 6 . (
The last N B (number of boundary points) rows of matrix A depend on boundary conditions:
In the above equation ∂ ∂n is the directional derivative of RBF in the direction of the outward pointing normal n to the boundary line Γ: ∂φ(r) ∂n = ∇ϕ(r) · n.
To obtain a nontrivial solution (α = 0), the determinant of the matrix A must be zero i.e. det A = 0. From this equation the natural frequencies are calculated.
Comparison of results
For the purpose of validation of the proposed method, in 3D simple rectangular parallelepiped cavity was analyzed. All calculated eigenfrequency were compared with exact (analytical) results. The following relative error was used to measure the quality of the numerical solution (superscript 'exact' denotes analytical results and superscript 'RBF' -approximation with RBF:
where ω i is the i-th natural frequency of acoustic eld. The value of error E ωi computed for the rst 25 eigenvalues (i = 1, 2, . . . 25) is shown in Fig. 8 . 
